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Abstract 


In this paper we consider second order fully nonlinear operators with an additive 
superlinear gradient term. Like in the pioneering paper of Brezis for the semilinear case, 
we obtain the existence of entire viscosity solutions, defined in all the space, without 
assuming global bounds. A uniqueness result is also obtained for special gradient terms, 
subject to a convexity/concavity type assumption where superlinearity is essential and 
has to be handled in a different way from the linear case. 

Keywords: Fully nonlinear elliptic equations; Osserman functions; comparison prin¬ 
ciples; entire solutions; viscosity solutions. 

Mathematics Subject Classification 2010: 35J65; 35B50; 49L25. 

*University of Salerno, Italy. Email: ggalise@unisa.it 
^University of Tohoku, Japan. Email: koike@math.tohoku.ac.jp 
dRMAR - Institut de Recherche Mathematique de Rennes; 

INSA Rennes - Institut National des Sciences Appliquees - Rennes, France. 

Email: olivier. ley@insa-rennes. fr 
^University of Salerno, Italy. Email: vitolo@unisa.it 


1 



1 Introduction 


We are interested in existence and uniqueness of solutions in R" of fully nonlinear second 
order uniformly elliptic equations having superlinear growth in u and Du. Solutions in the 
whole space are said to be entire. 

In the pioneering work [3], Brezis considered the semilinear elliptic problem 

A u — \u\ s ~ l u = fix), s > 1, (1.1) 

showing that it is well-posed in ©'(R™) without prescribing conditions at infinity for the 
data / and u. The existence of a unique solutions u G Lf oc (R n ) is proved assuming only 
/ G L 1 1 oc (R n ). Moreover u > 0 a.e. if / < 0 a.e. in R n . 

This result was extended by Esteban, Felmer and Quaas [7] for the larger class of fully 
nonlinear uniformly elliptic problems 

F(D 2 u) - \u\ s ~ l u = f{x) in R n (1.2) 

where / G L^ c (R n ) and the solution u is intended in the L n -viscosity sense. 

In [8] Galise and Vitolo generalized the previous results for operators depending also on x 
and on the gradient. Following the original ideas of Brezis, combined with viscosity type 
arguments, they proved in particular the existence of entire solutions of the uniformly elliptic 
equation 

F{x, D 2 u ) + HiDu) - \u\‘-'u = f{x), (1.3) 

where Fix, ■) is merely a measurable functions, the Hamiltonian H : R n i —y R depends in 
a Lipschitz way on the gradient variable, s is any real number strictly larger than 1 and 
/ G LJJ )C (R ri ). Concerning the uniqueness it is a remarkable fact that if the principal part F 
is independent on x, the well-posedness of (jl .3(1 is ensured assuming only the continuity of 
the datum /, while in the general case further assumptions are needed in order to control 
the oscillation in the x-variable and the regularity of the solutions. 

In a recent paper |1] Alarcon, Garcia Melian and Quaas proved various results of existence 
and uniqueness of distributional solutions of equation (II.ip in Sobolev spaces in the case of 
an additive gradient term with superlinear growth. 

Here we propose to study the well-posedness in the whole space for 

Fix, D 2 u ) + H{x, Du) - {u^-'u = fix), (1.4) 
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where H(-,Du) may have a superlinear growth in the first derivative. 
In (11.41) , we will assume the following. The second order term 


F is (A, A)-uniformly elliptic and F(x, 0) = 0 a.e. in M", (1.5) 

see (12.21) for a definition. As regard if : 1" x K" K 1, we will assume 

H(x, 0) = 0 a.e. in R n (1.6) 

and there exist 7i, > 0, m > 1 such that 

I H(x,p) - H(x,q) | < (71 + 7m(br _1 + I?!" 1-1 )) \p~q\ (1-7) 

for p, q G M n and a.e. x G K n . 

Note that it is always possible to assume (11.61) and F(x, 0) = 0 by replacing f(x) with 
f(x) — H(x, 0) — F(x, 0). Making these assumptions we have in mind as prototype the 
equation 

V+ a (D 2 u) ± ci\Du\ + c m \Du\ m - \u\ s ~ l u = f(x), (1.8) 

where < 7 , c m G M and V AA is the Pucci extremal operator, see next Section for definitions. 
Concerning the uniqueness part, we focus our attention on the case c m > 0 or c m < 0, 
referring to [B] for the case c m = 0. Due to the assumptions, in particular (11.141) . it is worth 
noticing that the proof of the case c m > 0 is different from the case c m = 0, and the latter 
case, corresponding to (11.31) with a Lipschitz continuous Hamiltonian, cannot be obtained 
from our treatment of the case c m > 0 by continuity, as c m —> 0. 


Our existence result is the following 


Theorem 1.1. Let m G [1,2] and s > m. Suppose that U.$)-U.6\)-fil.7\) hold true. If 


f e L 




), then the equation has an L n -entire viscosity solution. 


When reinforcing (1 1.5 j) - (1 1. 61) - (1 1. 7D . we are able to prove uniqueness of the solutions. First 
of all we suppose that 

x —> F(x,X) is continuous for any X G S n . (1.9) 

Moreover we assume that for R > 0 there exists a modulus of continuity ujr such that 

F(x, X ) - F(y, Y ) < u R (\x - y\ + s^x - y \ 2 ) (1.10) 
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whenever |x|, \y\ < R and X , Y G S n satisfy 


3 / / 0 
5 V 0 1 


< 


X 0 
0 —Y 



( 1 . 11 ) 


and there exist 7 i, 7 m > 0 , m > 1 and a modulus of continuity u> : [ 0 , +oo) —>■ [ 0 , +oo) such 
that 

\H(x,p + q) - H(y,p)\ < w(|a: — + 1) 

+ (7i + 1 m (|p|"- 1 + kr 1 )) M 

for x,y,p,q G M n . Notice that (11.12ft implies (11.71) . with a different choice of 7 m , and 
combined with (1 1.6 1) yields \H(x,p)\ < 7(|p| m + 1) with 7 = max( 7 !, 7 m ). We also assume 


F(x, aX) = aF(x, X) for all a E (0,1), iG M n , X G S n , (1.13) 


and a convexity-type assumption on H : there exist c, A > 0 and ao G (0,1) such that 

H(x,p) — aH(x, <r _1 p) < (1 — cr)(—c|p| m + A) for x,p G M n , a G (cr 0 ,1). (1.14) 

This assumption covers the model case (II .8[) when H(x,p ) = Ci(x)\p\ + c m (x)\p\ m with m > 1, 
Ci(x) bounded uniformly continuous in M n and c m (x) > c > 0 for some c > 0. 

We collect additional examples of Hamiltonians satisfying (ll.l2D - (H.14j) in the subsection ll.il 


The assumptions (jl. 12[l - (jl. 14p will be used to deal with the superlinear nonlinearity H(x, Du) 
when performing a kind of linearization of (jl .4(1 through a technique borrowed by Barles- 
Koike-Ley-Topp [2j and Koike-Ley uni, in the proof of the following uniqueness theorem. 


Theorem 1.2. Let m G (1,2] and s > m. 
(1.14) hold true. If f is continuous with 


Suppose that H1.5\) - n~y\) - Hl. 1H) - H1.12\) - A1.13\) - 


lim sup 

| x |—>-00 


/ (x) 

I x\p 


< 00 


for p < 


m(s— 1) 
(m—l)s 


if 1 < m < 


2 ^~ m ) if < m 
s(m- 1) 11 s+1 ^ 


(1.15) 


then d l.If) admits a unique entire continuous viscosity solution. 

The same result holds if —H satisfies \1.14\> and H1.15\ ) holds with / H 


instead of f~ 
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In particular, we get uniqueness for the solutions of (II.8[) when c m (x) is a bounded uni¬ 
formly continuous function which satisfies either c m (x) > c > 0 (convex Hamiltonian) or 
c m (x) < — c < 0 (concave Hamiltonian). As far as the growth is concerned, we have unique¬ 
ness, for instance if rn — 2 and s > 2 provided (11.151) holds for some p < 2 - ,s ~ 2) . The continuity 
of / ensures that the two notions of L n -viscosity solutions and classical viscosity solutions 
are equivalent, see [13]. For further comments about the assumptions, see Section [5] 


1.1 Examples of Hamiltonians satisfying ( 11.12 1) - ( fl.141) 

The Hamiltonian H(x,p ) = c(x)\p\ m + a(x)\p\ l satisfies (jl.6[) - (jl.l2p - (jl.l4[) if c, a are bounded 
uniformly continuous in M n , c(x) > c > 0, m > 1 and 0 < l < m. To check the assumptions, 
we can take any cr 0 G (0,1) and we use the inequalities 1 — a~ s < —s(l — cr) and |cr — <r s | < 
|1 — s|(l — a) for all s > 0, a G (0,1). For (11.141) . we have 

H(x,p) — aH(x : <j~ 1 p) = c(x)(l — a 1 ~ m )\p\ rn + a(x)(l — a l ~ l )\p\ l 

< (1 - <r) f-c(m- l)|p| m + UdhJl— %A 

with C = C(c, | |a| |oo, (To, m,/) by using Young inequality 

\bMLiA\ p \i < p \ m + c. 

a 0 2 

To check (11.121) . we use the inequality | p + q\ m — \p\ m < C(|p| m_1 + |g| m_1 )|g| for p, q e M n , 
m > 0 and C = C{m). The constant C below may vary line to line. 

H(x,p + q) - H(y,p ) 

= c(x)(\p + q\ m - \p\ m ) + a(x)(\p + q\ l - |p|') + (c(x) - c(y))\p\ m + (a(x) - a(y))\p\ l 

< CIMUM™- 1 + + C||a|loodpp 1 + |9| , " 1 )|(Z| + w(|* -y|)(|pP + |p|') 

< Cdpr 1 + \q\ m ~ l + l)|g| + u(\x - y|)(|pr + 1), 

by using Young inequality and where uj is a modulus of continuity for a, c. 
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We may generalize the previous example by considering H(x,p) = 4>(x,\p\)\p\ m , with 
m > 1 and 0(-,r) is bounded uniformly continuous in M™ uniformly with respect to r G M + , 
4>{x,r) > 0o > 0, ||^(x, r)| < C/r and 4>{x,r) — (j)(x, a~ l r) < C( 1 — a) for all a G (0,1). 
Details are left to the reader. 

Notice that the previous example contains some nonconvex Hamiltonians as H(x,p) = 
c(x) l|; ' l | / ~^ 1 ~ 1 for instance. 

Another class of examples is given by 

H(x,p) = sup inf {S a p(x)p,p) m/2 , 
a&AP GU 

where m > 1 , A, B are metric spaces, S a p : M n —> S n is bounded uniformly continuous 
uniformly with respect to a, (3 and there exists u > 0 independent of a, (3 such that S a p(x) > 
ul. To prove (11.14ft . we notice that H(x,p) > v m / 2 \p\ m . Hence, 

H(x,p)-aH(x,a~ 1 p) = (1 - a l ~ m )H(x,p) < -{1 - a)u m/2 \p\ m . 

For (jl. 1 2j) . we write 

H(x,p + q) -H(y,p) < sup {{S a/3 (x)(p + q),p + q) m/2 - {S a p(y)p,p) m/2 } 

a£A,/3£B 

= sup {(S a p(x)(p + q),p + q) m/2 - {S a p(x)p,p) m/2 

aeA,0&B 

+ (s a0 (x) P , P r /2 - (s aP (y)p,pr /2 } 

< c ((IpI ”- 1 + kl”- 1 ) |,;| + u(|i - pDIpD , 

leading to (II. 12)1 for a constant C depending only on m and n. 


2 Preliminaries 


We recall the definitions of L p -strong and viscosity solutions for second order elliptic equa¬ 
tions 


G(x, u, Du, D 2 u ) = g{x) in Q, 


( 2 . 1 ) 
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where p>n, G:0xRxl n x5 n ^M and g : i— y M are measurable functions, G is 
continuous in the last three variables, hi is a domain (open connected set) and S n denote 
the linear space of n x n real symmetric matrices equipped with the standard order: 

X <Y in S n O (Xp,p) < ( Yp,p ) Vp G M n . 

The identity matrix will be denoted by / and the trace of X G S n with Tr(A). 

We say that G is (A, A)-uniformly elliptic for 0 < A < A if 

ATr(F) < G(x, r,p,X + Y) - G{x, r, p, X) < ATr(F) a.e. x E Q (2.2) 

for any (r,p) G R x M n , A", Y G S n with Y > 0, or equivalently 

v>I k(Y - X) < G(x,r,p,Y) - G(x,r,p, X) < P+ A (Y - X) a.e. x G Q (2.3) 

for any (r,p) Glxl" and X : Y' G S n . Here V^ A are the Pucci extremal operator dehned 
in the following way: 

W= sup Tr(AX'), P a ~ a (A)= inf Tr(AA). 

XI<A<AI XI<A<AI 

Definition 2.1. A function u G O) is an L p -strong subsolution, respectively superso¬ 
lution, of (12.ip if 

G(x,u(x), Du(x), D 2 u(x)) > g{x) a.e. in O, 

respectively 

G(x,u(x), Du(x), D 2 u(x)) < g(x) a.e. in Q . 
an L p -strong solution if it is both sub and supersolution. 

A function u G C(12) is called L p - viscosity subsolution, respectively super- 
provided for any e > 0, any open subset and any p G such 

G(x, u(x), D(p(x), D 2 p(x)) — g{x) < —£ a.e. in O, 

G(x, u(x), Dp(x), D 2 ip(x)) — g{x) > £ a.e. in O, 

then u — (p cannot have a local maximum, respectively minimum, in O. 

Moreover if u is both sub and supersolution then it is an L p -viscosity solution. 


We say that u is 

Definition 2.2. 

solution, of (12.ip 
that 

respectively 
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From definition 12.21 it is clear that L p - viscosity notion imply the L q one for q > p because 
of the inclusion (Q) C W 2 f (Q) . 

The test function <p are continuous and twice differentiable a.e. [4] Appendix C]. In the linear 
growth case the set of L p -strong solution is a subset of the L p - viscosity one. Conversely an 
L p - viscosity solution that lies in Q) is an L p -strong solution. For the proof and a 
general review of the L p theory of viscosity solution we refer to Eli- In the superlinear 
case L p -strong solutions continue to be L p -viscosity solution as stated in [12, Theorem 3.1]. 
Finally, we call continuous viscosity solutions, or C -viscosity solutions, the classical notion 
of viscosity solutions (0 [9]). When the data in the equations are continuous, they are 
equivalent to L p - viscosity solutions, see [13] . 

Lemma 2.1. Suppose that \1.5\) - FLR) - \l. r /\ ) hold true. Let u,v G (7(11) be respectively L p - 
viscosity sub and supersolution of 

F(x, D \) + H(x , Du) - {uf-'u = f(x) (2.4) 

and 

F(x, D 2 v) + 2 m - 1 7m | Dv\ m + n\Dv\ - = g{x ). 

If v G then the difference w = u — v is an L p -viscosity subsolution of the maximal 

equation 

'P\,a(D 2 w) + 2 m - 1 7m | Dw\ m + Til^l = f(x) - g(x ) 

in {w > 0}. 

Remark 2 . 1 . As it will be clear from the proof, the result continues to hold if m > 2. 


Proof. By contradiction assume that there exist £ > 0, tp G W 2 ’f ({w > 0}), O C {u> > 0} 
open such that 


+ 2m 1 lm\D(p(x)\ m + 7i|L>v9(x)| - (f(x) - g(x)) < -e a.e. in O 
and w — (p has a local maximum in O. Thus v + (p is a test function for u and using the 







assumptions (jl.5[i - (jl. 6 H - (jl.7j) 

F(x, D 2 (v + <p)(x)) + H(x, D(v + <p)( x )) ~ \u(x)\ s ~ 1 u(x) — f(x) 

< F{x,D 2 v(x)) + V AA (D 2 (p(x)) + nfm\D(v + <p){x)\ m + 7i|-D(u + y){x)\ 
- I'u(x)| s “ 1 u(x) - f(x) 

<F(x,D 2 v(x)) + 2 m - 1 lm \Dv(x)\ m + ll \Dv(x)\ 

+ v \,k (^VO)) + 2 m " 1 7m | D<p(x)\ m + 7 i|L><^(x)| - |u(x)| s_1 m(x) - f(x) 

< |u(x)| s_1 u(o:) — |w(x)| s " 1 u(x) — e 

< —e a.e. in O 

a contradiction because u is a subsolution of (j2.4[) . □ 

A fundamental tool we will use in the sequel is the ABP-estimate for solutions of uniformly 
elliptic equations. The classical ABP inequality states that in a bounded domain 12 

sup-u < supw + (7diam(0) ||/ - || L „( Q ) 

for any solution u G C(12) of the maximal inequality V^ A (D 2 u) + 7 |£ht| > f(x), where 
C = C(n, A, A, 7 diam( 12 )). Such result has been extended in the case m > 1 of superlinear 
growth in the gradient by Koike-Swiechjllj. In order to get the following ABP-estimates, 
deduced by m Theorems 3.1-3.2], we also need the restriction m < 2. 

Theorem 2.1. Let diarn(Q) < 1 and let u G C(12) be an L p -viscosity subsolution (resp. 
supersolution), p > n, of 

Vf) A {D 2 u) + 7 i|Dit| +'p\Du\ m = f(x) infl, 

{resp. Vf A (D 2 u) — 7 i|-Du| — 7 |Z 2 'u| m = f(x) in 12) , 

with 7 i, 7 > 0, m G [1, 2] and f G L p (12). 

There exist two positive constants 

6 = 5{m,n,p, 71 , 7 , A, A) < 1, C = C(m, n,p, 71 , 7 , A, A) 

such that if 

diam( 12 ) 2 -? ||/-|| LP(Q) <<5 
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then 


( resp. diam(Q ) 2 p ||/ + || LP(n) < 

supu + < sup u + + C diam(n) 2_ p ||/ _ || . . 

n an L 

resp. sup u~ < supw - + C diam(Q) 2_ p ||/ + || , . ) > 

n an 1 V 

where w 1 * 1 = max(±w, 0 ). 


Proof. It is a straightforward consequence of HU Theorems 3.1-3.2] by using the interpolation 
inequality \Du\ m < (2 — m)\Du\ + (m — l)\Du\ 2 for m G [1,2]. □ 


3 Uniform Estimates 


We denote by B r (x) the open ball centered at x G M n with radius r > 0. When x = 0 we 
write for simplicity B r . 

For m G [1,2] and s > m we consider the Osserman’s barrier function 


4>r{x) = 


CnR" 


{R 2 -\x\ 2 f' 
where the positive constant C R is to be hxed and 


Id < R 


p = 


2 2s 

- if 1 < m < - 

s — 1 s + 1 


m 


s — m 


if 


2 s 

g 1 


< m < s. 


(3.1) 


(3.2) 


Lemma 3.1. For any 71,7 > 0 and 5 > 0, there exists C R > 0 such that the function <f R 
defined in H3.1\) satisfies the differential inequality 


V+YD^r) + 7l \Dfi R \ + 7 \D<j> R \ m -Sfi s R < 0 
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in Br in the classical sense. For instance, we may choose 

C R = max ja(l + 7ii?)~i? /2_ ~, by s ~ m R^~ s ~ m | (3-3) 

with a s_1 = 4 ji5~ l max {A(l + n + 2/x), 1} and h s ~ m = 2 rn+1 /j m 5~ 1 . 


Proof. Put r := |x| and 4>r(x) = ip(r) = C r R m (i? 2 — r 2 ) A The choice (13.21) guarantees 
that 

/is = max {/i + 2, (/i + l)m} > 2; (3.4) 

in this way, since all the curvatures of <f> R are positive, a straightforward computation yields 

PV-rO)) + 7i \ D( Pr( x )\ + 7 | D<f> R (x)\ m - 6</>%(x) 

= A ftp" + + 7i < P / + 7 (<pT ~ dp 11 

= [ 2AfI (i? + (1 + 2f,)r2) P 2 “ r2) '""'" 2 

+ 2p (A(n - 1) + 7ir) (i? 2 - r 2 ) Ats M 1 
+ 2 m 7/i m <7^- 1 # (m - 1 )/ V m (i? 2 - r 2 
C r R^ s 


~ {R 2 - r 2 Y s 


2A/a (l + n + 2p) i^-d-2 


Using 


+ 2 7l pi?^ s -i)-i + (2/i) m 7C'™- 1 ^ t(s - m )- m - 
we conclude 

2A/i (l + n + 2p) + 2 7l /i^( s -i)-i + (2/i) m 7 C'^- 1 i?^- m )-m _ 5C *-i 


< hC ^ 1 


a s_1 (! + 7 1 /?)i? M d” 1 ) -2 }jS-m lR ^s-m)-m 


2CY 1 


2 C s R ~ m 


- 1 < 0 . 


□ 


Following the same line of proof in [8] Lemma 3.2] we prove the following uniform estimates 
result in “small” balls. 
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Lemma 3.2. Suppose that ( 1L5)) - /1_?.61) - (|_?.7| ) hold true. Let f G Z/^ c (M n ) and r be a positive 
number small enough such that Theorem, \2.1\ holds true in B 2r with p = n and 7 = 2 m ~ 1 7 m . 
If u G C(B 2 r) is an L n -viscosity subsolution of 

F(x, D 2 u ) + H(x, Du) — = f(x) in B 2r 


then 


supw < — + C r \\f~ 

B r r* 


\ L™(B 2r ) 


(3.5) 


where Co = Co (m, n, s, 71 , 7 m , A), C = C(m, n, 71 , 7 m , A, A) are positive constants. 


Proof. Since f> 2r {x ) —>■ 00 as |x| — > 2r, we can find r <r < 2r such that </> 2r > u in B 2r \B- 
and {u > (f 2r } C By means of Lemma [3.11 setting 7 = 2 m_ 1 7 m , <5 = 1 and R = 2r, we 
construct the Osserman’s barrier function <f > 2r , which is an L n -strong supersolution of 

R(£ 2 02,) + 71 W2r| + 2 m - 1 7 m |T “ <t>2r = 0 m 5 2r 

and thus the difference w = u — (f) 2r satisfies the inequality 

Vf k (D 2 w) + 7 i |Dw| + 2 m_ 1 7 m \Dw\ m > f(x) in {w > 0} 

in L n -viscosity sense in view of Lemma [2.11 Using Theorem 12.11 we have 

u ( x ) <02r(a;) + Cr||/-|| Ln(Bar) 

from which (13.5ft follows. □ 


Reasoning as in Lemma 13.21 on the function v = —u it is easy to prove the next 

Lemma 3.3. Suppose that 11. 51) -/ TOD -( | 1 . ?) ) hold true. Let f and r as in Lemma [372 1 If 
u G C(B 2r ) is an L n -viscosity solution of 

F(x , D 2 u ) + H(x, Du) — |'u| s_1 'u = f(x) in B 2r 

then 

sup|w| < ^ + Cr ||/|| in(B2r) , (3.6) 

B r ' 

with Co and C as in / Iff.51) . 
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4 Existence 


In order to prove Theorem 11.11 we will use the uniform bounds of Section 3. 

Proof of Theorem 1 1.1\ By [T4j Theorem 1 (i)] we can solve any Dirichlet problem for the 
equation (11.41) in the ball B k , fceN, with continuous boundary condition. Choose a solution 
u k for any k. Let {B r (xi)} i=1 K be a covering of B k such that 

K K 

B k Q |J B r (xi ) C 1J B 2r (xi ) C B k+1 

i= 1 2—1 

and r > 0. for /’ = 1..... A', small enough as in Lemma [3.31 In this way for any h > k, using 
(13.6p . one has 

C 

SU P Kl - ^ + C ' r ll/ll^(u 2r (, i )) 

B r {Xi) 1 

and 

sup Kl < max sup \u h \ < C x (1 + ||/|| L „ (fl } ) 

B k t=i,..,K Br{xi ) V v fe+1 V 

with Ci = Ci(k, m, n, s, 71 , 7 m , A, A). Using the C Q -estimates [HI Theorem 2] 

ll W ^llc'“(S fc ) — ^2 + ll/llL"(U fc+1 )) 

for a positive constant C 2 independent of h > k. By a diagonal process we can extract a 
subsequence u kh converging locally uniformly to a function u G C^M”). From the stability 
result of PH Theorem 4] u in an L n -viscosity solution of (11.41) . □ 


5 Uniqueness 


This Section is concerned with the uniqueness of C-viscosity entire solutions. As announced 
in the Introduction, we assume throughout that the Hamiltonian is actually superlinear, 
satisfying the convexity type assumption (11.141) . and refer to [8J for Lipschitz continuous 
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Hamiltonians. 

We start with a few remarks. 


The condition s G (m, +oo) in Theorem 11.11 is necessary in order to obtain a uniqueness 
result. In fact the functions 

u(x i,..., Xi,..., x n ) = a exp(±\/2:Cj) + 1 

are solutions in M n of the equation 

A u + ^\Du\ 2 — \u\u = —1 

for any a > 0. Similarly the functions v = —u satisfy Av — \\Dv\ 2 — \v\v — 1 in M 71 . 

Assumptions (11.12jl - (II. 14p are needed to deal with the strong superlinear nonlinearity in 
the Hamiltonian H when performing a kind of linearization, see Lemma 15.21 in the proof of 
Theorem 11.21 


The assumption (11.151) gives a limiting growth on the data /. Note that inequality 


P < 


m(s— 1) 
(m—l)s 

2 (s—m) 


if 1 < m < -XT 

— s+l 


T "d if Aw < m, 

s(m—l) s+l ’ 


2s 


can be rewritten in the more synthetic way 


P< 


2m' 

fiS 


(5.1) 


where /i is introduced in (13.21) and m! is the conjugate of m defined by ^ = 1. 

The following Lemma says how the growth of vA depends on the growth of f T at infinity. 
Lemma 5.1. Under the assumptions of Theorem M.ll let p > 0 and assume 


lim sup 

|a:|—>-oo 


/ (x) 

\x\p 


= : / < oo. 


(5.2) 
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Then any subsolution of \l.f |] satisfies 


lim sup 

|ar|—foo 


(u + ) s (x) 

| | MSP 

\x\ 2 


< oo. 


where /a is defined in \3.tA) . The same result holds replacing f by f + , u + by u and 
“subsolution” by “supersolution”. 


Proof. Let e 0 > 0 be such that 

2“ +P (7 + l)(Un£Q < h < 1 

as required by Theorem 12.11 where u n is the volume of the unit ball in M n . Set r 0 = £q\xq\~z . 
For |xo| big enough, by assumption (15.2p we get 

2r 0 II/IIl^so)) ^ 2 ( l + ^ lll^| P H^(^ 0 (a,o)) 

< 2 p+1 (l + T)un (ro +2 + el) 

< 2 P+2 {1 + 1 )u£el < 6, 


by our choice of e Q . In this way Theorem 12.11 applies in B ra (x o) and Lemma [3.21 yields, for 
Xq far away from the origin, the estimate 


Ci 

u(xq) < sup u < — + C 
Br^ (x 0 ) r o 


with p given by (13.2^ . where C\ = . In this way 

(« + )*(zo) < 2 s - 1 ((J + C‘) = 2- 





and 


lim sup 

|rc|—>-oo 


(n + ) s (x) 

1 psp 

\x\ 2 


< 2 s " 1 


C 


s 

1 


£ 


flS 

0 


as claimed. We prove the second part of the lemma. If u is a supersolution of (11.4)1 . then 
the function v = —u is a subsolution in R n of 


—F(x, —D 2 v) — H(x , — Dv ) — \v\ s 1 v = —f(x), 
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where the operators —F(x, —A") and —H(x, —p ) turn out to satisfy (ll.5p ~ fjl.6p - fll.7p . and so 
the hrst part yields 

(m _ ) s (x) (u+) s (x) 

hm sup = lim sup ^ < oo. 

|tc|—>-oo \X\ 2 |:c|—>oo \%\ 2 

□ 


We now turn to the proof of the uniqueness theorem. We will use the inequality 

\u\ s ~ l u — |u| s_1 u > 5(s)(w — v) s for u > v and s > 1, (5.3) 

where 5(s) is a positive constant. 


Proof of Theorem II. A By contradiction let us assume that u and v are both viscosity solu¬ 
tions of (11.41) such that 

6 := u(x o) — v(xo) >0, xq E M n . (5.4) 

The following lemma performs a kind of linearization of the equation. 

Lemma 5.2. Assume that F satisfies Kl.fl) . /11.1(A) , 1(1.1 A) . 1(2.5 1) and F[ satsifies K1.1A) . 


( l.lff) . For any a e (0,1), the function w a u — v a u — av is a subsolution in W 1 of the 
extremal PDE 

V+ A (D 2 w a ) + 7l \Dw a | + (1 - a) 1 ~ m ^\Dw a \ m 


where 


- (|u| s l u - |uo-| s 1 v a ) + (cr - u s )|u| s 1 v > (1 - cr)(f(x) - A), (5.5) 

(m - l) m 1 7m 


7 = 7m + 


m m c m-l 


and 7 i, 7 m ,c, A are the constants appearing in \l.lA)-\l.lf\). 


A proof of the lemma is provided in the Appendix. 


For a close to 1 


w a (x 0 ) > 


6 


(5.6) 
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Applying Lemma HP with 7 = (1 — a) 1 m 7 and S — S(s) given by (15.31) . the function 


</>r{x) = , n ? Rl \ 19 M < R, 


(R 2 - \x\ 2 Y 

is a solution in Br of 

( n 2 ^ \ \ ~, \ LA A I 1 /'I 1—m 


V+JD^r) + 71 ICfcl + (1 - ff) 1 -”7 - <S(s) 0 i < 0 


for 


1 — m 1 


Cr = max |a(l + 71 R) s ~ 1 o- 1 , 6(1 — a) s - m 7 s - m i ? A1 s ~ ri 

We set 1 — a = KR~ m ' for K to be fixed. We have 

1 


<M^o) = 


1 hoi 5 

1 _ ~W 


r RT^Cr. 


Noticing that 
and 

we obtain 


R Afih-ii? ft »-i = A s-i ->■ 0 as R -»■ +00 


1 — m ,, m 


i? ^(1 — cr) s - m = K s ~ m , 


1 1 — m 0 

lim (j)R(xo) = b ; y s - rn K s ~ rn = - 

R-^+oo 8 


(5.7) 


(5.8) 


s—m 1 

by fixing K = (y) m_1 7 ™- 1 . In this way for R big enough 

9 9 

w a (x 0 ) > - > (j> R (xo) + - 

and the difference w a — 4>r attains its maximum in Br at a point, say xr, such that 

9 


(w a - <I>r)(xr) > (w a - <f> R )(x 0 ) > 


We deduce w ( 7 (xr) > and 


(\u\ s l u - \v a \ s l v a ) (x R ) > S{s)w s a (x R ) > 5(s) (^)r(xr) + 0 
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because of ( 15.311 . 

Using (p R as test function for w a at x R in (j5.5j) and the inequality (15.71) one has 

(! - cr)(f(x R ) ~ A) < V^ A (D 2 c/) R (x R )) + ^i\D(j) R (x R )\ + (1 - n) 1 _m 7 |L) 0 i j(x i j)| m 

- (|u| s_1 m - |v C r| s_1 v CT ) (x R ) + (a - a s )|n| s_1 n(x R ) 

< r+ A (D 2 Mx R )) + 7i\&Mx R )\ + (1 - ay- m jlDM^)r 

( o\ s (5.9) 

- 5(s) ( (p R {x R ) + -J + (cr - cr s )|n| s 1 v(x R ) 

-~ 5 ( s )(i) + (a-a s )|n| s " 1 n(a; R ). 


The function / satisfies (11.151) with some p < < m' (see (13.4p and (15.ip ). It follows 


lim sup — (1 

R —^-)-oo 


<x)(f(x R ) - A) < K lim sup ^ ^, + ^ 
R ^ +oc R m 


0 . 


On the other hand, using the elementary inequality a — a s < (s — 1)(1 — a) for any a G (0,1) 
and applying Lemma 15.11 with u = v and p < which implies ^ < m', we conclude 

limsup(cr — < j s ) |u| s_ 1 v(:cr) < K(s — 1) lim sup —— ^ — - = 0 

R —^-)-oo R —^-)-oo 


and (15.9p produces a contradiction for R big enough. 


We give a sketch of the proof of the case when — H satisfies (I1.14p and f + satisfies (II. 15p . 
Arguing as above by contradiction, assuming that two solutions u,v satisfies (15.4p . we now 
consider w a u a — v au — v for a G (0,1). Using (11.121) and the fact that — H satis¬ 
fies (11.141) one proves in a similar way as above that w a is a subsolution in R n of 

Vy A (D 2 w a ) + 7 i|Z>uv| + (1 - a) l - m yDw a \ m - (| u a \ s ~ l u a - |n| s_1 n) + (a s - <j)|m| s_1 m 

> {?- l)(f(x) + A), 

where 7 is still defined by (15.61) . Setting as above 1 — a = KR~ m ' with K as in (15.8|) . denoting 
with x R a maximum point in B R of w a — (p R and arguing as for (15.91) . we obtain 

(o - 1 )(/(tr) + A) < -5 + (a s - o-)|n| s “ 1 w(x iJ ). 
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We obtain a contradiction as above using this time that f + satisfies (II. 1 5f) and applying the 
second part of Lemma [5.11 which gives a limiting growth for u + . □ 


Remark 5.1. When H satisfies fll.6l) -( 11.7D . the subsolutions of (jl.4[) are bounded from above 
by requiring the uniform bound of the local L”-norm of / _ 

sup ||r|L„ (fll(!e)) <°o. 

xeK n v y ” 

To see this it is sufficient to fix r small enough in Lemma 13.21 and using (13.5ft . In this case 
Theorem 11.21 holds true replacing (II. 15[) with the weaker assumptions 

Inn sup —< oo 

|x|—>oo |x| 2 

for 0 < p < 

Accordingly, when —H satisfies (II. 14)1 . the supersolutions of (II .4(1 are bounded from below 
if sup ||/ + || L n/ B r ,. is finite and Theorem 11.21 continues to work under the assumption 


r f + (x) 

hm sup ^ < oo 
\x\—>oo \x\ 2 


for 0 < p<^L. 

A Appendix 

Proof of Lemma 15.2 

The proof borrows arguments from m no], we provide it for reader’s convenience. 

For a G (0,1), from (II. 13ft . the function v a := av is a solution, so a supersolution, of 

Dv 

F(x, D 2 v a ) + aH(x, --) — a l ^ s \v a \ s ~ l v a = orf(x) in M n . 
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We shall show that w a = u — v a is a viscosity subsolution of the extremal PDE (15. 5 j) . For 
0 G C 2 (M n ), we suppose that w a — 0 attains a local maximum at x G M”. We may suppose 
that (w a — 0)(f) = 0 > [w a — 0)(x) for x G h> r (£) \ {£} with a small r G (0,1). 

Let ( x £ ,y e ) E B := B r (x)xB r (x) be a maximum point of u(x)—v a (y) — {2£)~ l \x—y\ 0(x) 
over 5. Since we may suppose lim^o^e, y £ ) = ( x,x ), and moreover lim £ ^o(w(x e ), v a (y £ )) = 
(u(x),v a (x)), it follows that ( x £ ,y £ ) G int(£>) for small e. Hence, in view of Ishii’s lemma 
(e.g., Theorem 3.2 in m, setting p £ = e l (x £ — y e ), we End X £ ,Y £ G S n such that (p £ + 
Dcj)(x £ ), X £ + D 2 cf)(x £ )) G J 2 ’ + u(x £ ), ( p £ ,Y £ ) G J 2 v a (y £ ), and (II. lift holds. Thus, from the 
definition, we have 

F(x £ ,X £ + D 2 4>(x £ )) + H(x £ ,p £ + £)0(x e )) - |m(x £ )| s_1 m(x £ ) > f(x £ ) (A.l) 

and 

F(y £ ,y £ ) + vH(y £ , —) - cr l ~ s \v a {y £ )\ s - l v a {y £ ) < af(y £ ) (A.2) 

a 


From (ll.lOp and (12.3p . we have 


Xe - Ve\ 


F{y £ , Y e ) > F(x e , X £ ) - u; r (|x £ - y £ \ H-) 


£ 


and 


F(x £ ,X £ + j D 2 0(x £ )) - F(x £ ,X £ ) < P+ A (D 2 0(x £ )). 


From (j 1.12 p and (I1.14p . and choosing £ small enough in order that c(l — a) > u(\x e — y e \), 
we get 

H(x £ ,p £ + D(j)(x £ )) - aH(y £ , —) 

a 

= H(x £1 p £ + Dcj)(x £ )) - H(y £ ,p £ ) + H(y £ ,p £ ) - aiL(?/ £ , 

< w(|x e - y £ |)(|p e r + 1) + (71 + 7m (IPsI™ -1 + WM"*- 1 )) |A>0 (x £ )| - (1 - o-)(c|p £ r - A) 

< supi (-(1 - cr)c + cu(|x £ -y £ |))r^=T + 7 m |D0(x £ )|r i 

r>0 t J 

+7 m |T>0(x £ )| m + 7 1 |T>0(x £ )| + (1 - u)A + u{\x £ - y e |) 

* (•*■ + mm ( (1 -l“:-Tfe” fc i)) m -0 i^wi m++ ^ 
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Subtracting (lA.lj) and flA.21) . letting e —* 0 and using that ( 2e ) 1 \x e — y £ \ 2 —> 0 it follows 


vt^m) + 

— (|n(x)| s " 1 u(i:) 


[m 


7r7 


1 ) 


m—1-.m 
fm 


m m ( 1 


Q-\m—lQm—l 


K(£)| s 1 v a (x)) + (a 


\D<t>{x)\ m + li\Dm\ 

n')|n(f)| s " 1 n(x) > (1 - a){f(x) - A) 


which proves that w a is a viscosity subsolution of (I5.5[) with 7 given by (15.61) . 
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